Cylindrical multishell structure is one of prevalent atomic arrangements in nanowires. Being multishell, the well-defined atomic periodicity is hardly realizable in it because the periodic units of individual shells therein cannot match well except very few cases, posing a challenge to understand its physical properties. Here we show that moiré patterns generated by superimposing atomic lattices of individual shells are decisive in determining its electronic structures. Double-walled carbon nanotubes, as an example, are shown to have spectacular variations in their electronic properties from metallic to semiconducting and further to insulating states depending on their moiré patterns even when they have only semiconducting nanotubes with almost similar energy gaps and diameters. Thus, aperiodic multishell nanowires can be classified into new one-dimensional moiré crystals with distinct electronic structures.
Cylindrical multishell structure is one of prevalent atomic arrangements in nanowires. Being multishell, the well-defined atomic periodicity is hardly realizable in it because the periodic units of individual shells therein cannot match well except very few cases, posing a challenge to understand its physical properties. Here we show that moiré patterns generated by superimposing atomic lattices of individual shells are decisive in determining its electronic structures. Double-walled carbon nanotubes, as an example, are shown to have spectacular variations in their electronic properties from metallic to semiconducting and further to insulating states depending on their moiré patterns even when they have only semiconducting nanotubes with almost similar energy gaps and diameters. Thus, aperiodic multishell nanowires can be classified into new one-dimensional moiré crystals with distinct electronic structures.
I. INTRODUCTION
When repetitive structures are overlaid against each other, a new superimposed moiré pattern emerges as can be observed in various macroscopic phenomena [1] . Recent progress in stacking two-dimensional crystals [2] enables the patterns occur at the atomic scale, showing their distinct quantum effects [3] [4] [5] [6] . Even in onedimension, this atomic pattern realizes naturally in the multishell organic and inorganic tubular shaped nanowires [7] [8] [9] . Among them, the double-walled carbon nanotubes (DWNTs) formed by two concentric single-walled carbon nanotubes (SWNTs) are the simplest multi-shell nanotube structures [10] . The electronic structure of SWNT, a basic building block of DWNTs, depends on its way of rolling a single layer graphene along a specific chiral vector into a seamless cylindrical shape. The chiral vector, C = na 1 + ma 2 , or a set of integers (n, m) uniquely determines electronic structures of SWNTs where a 1 and a 2 are the primitive vectors of hexagonal lattice of graphene ( Fig. 1(d) ). They are metallic if |n − m| is a multiple of three and otherwise semiconducting [10] [11] [12] . This simple rule can be obtained by reducing or quantizing one dimension of the two dimensional massless Dirac energy bands of graphene.
In spite of such a clear rule, its extension to doublewalled structures is far from trivial [11] [12] [13] . Ever since its discovery [7] , direct ab initio or empirical calculations have been performed to obtain the energy bands of DWNTs only if two single-walled nanotubes have a common periodicity along its axis [10] [11] [12] [13] [14] [15] [16] . Very few of DWNTs, however, have the commensurate condition and most of them do not have the well-defined periodicity, posing a significant challenge to understand their electronic properties [17] . This situation also holds for other * koshino@cmpt.phys.tohoku.ac.jp † pilkyung.moon@nyu.edu ‡ hand@kias.re.kr inorganic one-dimensional multishell tubular structures with several different atomic elements [9] .
On the other hand, there has been a rapid progress in stacking various two-dimensional crystals and in understanding their electronic properties [2] . The most notable example among them is twisted bilayer graphene (TBLG) where a single layer graphene is overlaid on top of the other with a rotational stacking fault [18] [19] [20] [21] [22] . These bilayer structures exhibit moiré patterns of which periodicity is quite larger than that of the unit cell of graphene. When one layer rotates with respect to the other from zero to 60 degrees continuously, two hexagonal lattices can have a common exact supercell only for a few discrete rotation angles while they cannot have the well-defined periodic unit for infinite possible other choices of angles [21, [23] [24] [25] .
Formation of moiré pattern in TBLGs, however, do not require an exact matching of atomic positions between the two layers for the common supercell. Instead, its periodicity continuously changes as the angle varies [21, [23] [24] [25] . Recent theoretical [25] and experiment [26] studies demonstrates that the electronic structure of TBLG is dictated not by the exactly matched atomic supercell but by the periodicity of moiré superlattice. Therefore, successful descriptions of the electronic structures of TBLGs without commensurability validate the effective theory [23] [24] [25] 27 ] based on the Bloch wave expansion with respect to the moiré lattice in momentum space. This motivates us to explore a possible dimensional reduction from modifying TBLGs with moiré patterns to one-dimensional structures which can map onto DWNTs exactly. Using the effective theory and atomic structure mapping, we uncover that the moiré pattern plays a decisive role in determining electronic structures of DWNTs without any commensurability and that the resulting properties are far beyond a simple sum of electronic bands of two constituent nanotubes.
FIG. 1.
Step by step operations for atomic structure mapping from graphene bilayer structure to DWNT. (a) Two parallelograms on upper and lower layers are drawn for unfolded single-walled carbon nanotubes (SWNTs) with different chiral vectors C and C ′ respectively. (b) Rotation (R) and (c) subsequent contraction (M) of lower layer to align the axial direction of two tubes and then to match their widths. A specific example for operations shown in (b) and (c) are displayed in (d), (e) and (f).
Here we use C = 8a1 + 2a2 and C ′ = 14a1 − 10a2 for illustration where the common in-plane primitive vectors a1 = a(1, 0) and a2 = a(1/2, √ 3/2) with the lattice constant a ≈ 0.246 nm are used to label the atomic positions of both layers. In (d), thin solid lines perpendicular to chiral vectors corresponds to parallelograms in (a). A usual two dimensional moiré pattern of TBLG is shown in (e) and distorted TBLG with typical moiré lattice for DWNT is in (f). Reverse mapping operations from a DWNT to double layer graphene nanoribbon are shown from (g) to (i). Unfolding (h) and then subsequent contraction of lower nanoribbon (i) map onto the modified TBLG structure ((c)and (f)) exactly.
II. MAPPING FROM BLG TO DWNT
We begin by describing atomic structure mapping procedures from bilayer graphene (BLG) to DWNT. This involves a rotation (its operator form is R) and a subsequent uniaxial contraction (M) of one layer with respect to the other in BLG. The upper layer is designated for the inner tube with the chiral vector of C = n 1 a 1 + n 2 a 2 and the lower for the outer with C ′ = n Corresponding reciprocal lattice vectors b i andb i for the upper and lower layers can be defined to satisfy a i · b j =ã i ·b j = 2πδ ij (i, j = 1, 2). The exactly same atomic structure can be obtained by unfolding a DWNT into a bilayer graphene nanoribbon and by subsequently shrinking the width of outer ribbon down to the inner one [Figs. 1(g) to 1(i)]. Therefore, the modified TBLG structure can match the atomic structure of DWNT with a periodic boundary condition along C as shown in Fig.  1 . We can alternatively map the DWNT to the modified TBLG by inversely rotating and uniaxially expanding C while fixing C ′ , but the resulting TBLG is just related to
where u 0 is the coupling parameter depending on intertube distance of d, and ω = exp(2πi/3) (See derivations in Appendix A). Therefore, we can infer a coupling condition such that, when the distance between the two Kpoints of each layer,
, is close to either of the three Fourier components mentioned above [i.e., 0, ξG
], the effect of interlayer coupling will be significant.
We note that the effective Hamiltonian in equation (1) shares essential features with those describing other two-dimensional moiré crystals such as TBLG as well as graphene on hBN monolayer. For the former case [25] , M = I while for the latter [27] , M is an equibiaxial expansion operator unlike the uniaxial one in the present case. However, the DWNT is not just a rolled-up version of two-dimensional moiré crystals because it has two degrees of freedom, M and R, depending on the choice of the inner and outer SWNTs, while the two-dimensional crystal has only the rotation degree of freedom once the two atomic layers are given. As shown in the following, the wider parameter space in the DWNT allows a number of distinct situations, that are hardly realizable in the two-dimension.
IV. ARMCHAIR AND ZIGZAG DWNTS
By numerically solving eigenvalues of equation (1) under the quantization condition of k · C = 2πN (N is integer), we can obtain the energy-momentum relationship of electrons in DWNTs with and without commensurability. First, the well-known results for commensurate DWNTs are reproduced by using our method [ Fig.  3 ]. In the case of a DWNT having (n, n) SWNT inside (m, m) one [hereafter (n, n)@(m, m) DWNT], the calculated band structures from our continuum model agree well with previous results from ab initio methods [12] [ Fig. 3(a) ]. For a (n, 0)@(m, 0) DWNT, the agreement between results from both methods are also very good [Figs. 3(b) and 3(c)]. In the former case, the low energy band structures deform greatly such that the two linear crossing bands push up and downward due to intertube interactions while in the latter no significant deformation can be noted. This sharp contrast can be understood by checking the coupling condition considered before. In the former case, ∆K ξ exactly coincides with ξG M 1 so that all combinations of (n, n) SWNTs are always in the strong coupling condition. In the latter case, we have G with either of 0, ξG
, thus being in the weak coupling condition.
V. GENERAL INCOMMENSURATE DWNTS A. Strong coupling condition
The effective continuum model and the criteria for the strong coupling work as well for incommensurate and chiral DWNTs. By measuring the distance between ∆K ξ and the three Fourier wavenumbers with varying C and C ′ , we can find all possible combinations of SWNTs to make DWNTs with strong intertube couplings. After some algebra, the criteria for the strong coupling is reduced to the simple conditions that (i) C − C ′ is parallel to the armchair direction, (ii) C and C ′ are nearly parallel (See Appendix B for the derivation). For one example, here, we choose semiconducting (35, 19 ) SWNT for inner shell and then search semiconducting outer SWNTs to show a strong or weak coupling between the two. Figure 4(a) shows the distance between ∆K ξ and ξG M 1 as a function of C ′ with C fixed to (35, 19) , where the darker color indicates smaller distance. The strong coupling region actually extends to the armchair direction as expected from the criteria discussed before. For the outer tube, we take (40,24) SWNT in the strong coupling condition, and (47,15) off from it, where the intertube dis- tance is close to the graphite's interlayer spacing in both cases. For (35, 19 )@(40,24) DWNT, the atomic structure of the corresponding modified TBLG and its BZ are shown in Figs. 2(a) and 2(d), respectively. We see that G M 1 is indeed very close to the displacement between two K-points in Fig. 2(d) . The calculated energy band structure is drawn with projected extended scheme in Fig. 5(a) (See Appendix C for the calculation method). Since the (35, 19) tube has an energy band gap of 0.18 eV and (40,24) of 0.15 eV (and the curvature effect is too small to close the gap [16] ), one may expect that the chiral and incommensurate DWNT composed of the two tubes will have an energy gap. However, the resulting band structure shows the characteristic of metallic energy bands [ Fig. 5(a) ]. The lowest energy bands of decoupled nanotubes indeed mix together very strongly and the final low energy-momentum dispersions are quite different from the original ones. In the case of (35,19)@(47,15) DWNT [ Fig. 2(b) ], its energy-momentum dispersion is nothing but a simple sum of the two tubes with a slight energy shift [ Fig. 5(b) ] because this belongs to the weak coupling condition [ Fig. 2(e) ]. Corresponding density of states (DOS) for each case is displayed in Figs. 5(a) and 5(b) showing a sharp contrast between the two coupling conditions, although these two DWNTs have almost the same spectra in the absence of the intertube couping. We can further obtain an insight from analytic expression for energy gap of strongly coupled case. The low energy spectrum of strongly coupled DWNT is well approximated by the two Dirac cones separated by ∆K ξ , which are directly coupled by one of three Fourier components, 0, ξG 
• ), and φ is the angle from x-axis to C. The energy gap is found to be ∆E = 2(|m| − u 0 ), and vanishes when u 0 > |m|. From these expression, we can note that the intertube interactions indeed shift and modify the bare energy bands [28] into metallic ones in the strong coupling condition.
B. Localized insulating condition
Except those two strong and weak coupling regimes, another exceptional classification is also possible for electronic structures of incommensurate DWNTs. In Figs. 2(c) and 2(f), we display a modified TBLG atomic structure and BZ for (26,3)@(35,3) DWNT. Its one dimensional energy-momentum dispersion and DOS are shown in Fig. 5(c) . The two SWNTs making this DWNT are semiconducting and their chiral vectors are almost parallel with (n, 0) nanotubes. Unlike previous two cases, many flat bands are shown both in conduction and valence energy band as if it behaves as a series of weakly connected quantum dots and corresponding DOS also shows such a characteristic [ Fig. 5(c) ]. The system offers a unique situation where uniform quantum dots, containing identical energy levels, are arranged regularly at a precise period for a macroscopic length.
The flat band occurs because electronic states at contiguous k-points on the same layer are hybridized by a matrix element of U in equation (1) . Then an electron on each layer feels an effective potential with very long spatial period, and the bound states appear near the bottom of the effective potential. Since the matrix U couples the different layers, we need a second order process U † GU or U GU † (G is Green's function of decoupled SWNTs) to connect the k-points on the same layer, and such a process has the Fourier components of ±G as a function of C ′ with the fixed C of (26, 3) , where the flat band region actually extends to the zigzag direction.
From the last consideration, we can conclude that DWNTs with two semiconducting SWNTs can be classified into three categories, e.g., strong coupling near armchair-armchair DWNTs, localized insulating coupling near zigzag-zigzag ones and weak coupling cases otherwise. The first two cases are quite unique to the one-dimensional DWNTs and other two-dimensional heterostructures with rotational stacking faults cannot realize them with any rotation angle. This is because the strong coupling or localized insulating condition requires the matrix operation M −1 R having a fixed point in twodimensional space (see Appendix B). Such a condition, however, is never satisfied when M is the identity matrix (TBLG) or equibiaxial expansion (graphene-hBN).
C. DWNTs including metallic SWNTs
Our theory is not limited to semiconducting DWNTs. When one of two or two SWNTs are metallic, three coupling conditions still hold very well. Fig. 6(a) shows the spectrum of (18,15) As the effective potential is the second order in u 0 , a change of the magnitude u 0 results in a significant difference in the energy region where the flat bands are formed. Actually the localized insulating condition strongly interferes with the condition for each SWNT to be metallic or semiconducting. We can show that a metallic-metallic DWNT in the localized insulating condition appears only when |C − C ′ | ≈ 3ma with integer m, and thus we have only a choice of |C − C ′ | ≈ 9a near the graphite interlayer spacing, which is actually the case of Fig. 6(b) .
VI. CONCLUSIONS
It is evident now that combination of SWNTs with almost the same physical properties such as diameter and energy gap can end up with very different DWNTs depending on the interlayer moiré interference. Therefore, all these criteria for incommensurate and chiral DWNTs considered hitherto will dramatically influence their optical absorptions, photoluminescence, electric transport and Raman scattering that have been used for characterizing and understanding their physical properties [10-13, 29, 30] . Considering that the moiré pattern is present for almost all possible one-dimensional multishell tubular structures with several different atomic elements [9] , our current theoretical framework shall not be limited to multishell carbon nanotubes also. Moreover, our study puts forth a new classification of nanotubes as the first example of one-dimensional moiré crystals and paves a firm ground to utilize superb technological merits of DWNTs [13, 29, 30] . Here we derive the interlayer coupling matrix U in the effective Hamiltonian of DWNT, Eq. (1) in the main text. We assume that the moiré superlattice period is much larger than the lattice constant. The local lattice structure is then approximately viewed as a non-rotated bilayer graphene slided by a displacement vector δ, which slowly depends on the position r as
as argued in the main text. Similarly to the twodimensional moiré superlattice [25, 27] , the interlayer Hamiltonian of the DWNT is obtained by replacing δ with δ(r) in the Hamiltonian of non-rotated bilayer graphene with a constant δ.
Let us consider a non-rotated bilayer graphene with a constant in-plane displacement δ and interlayer spacing d. We define a 1 and a 2 as the lattice vectors of graphene, b 1 and b 2 as the corresponding reciprocal lattice vectors. We model the system with the tight-binding model for p z atomic orbitals. The Hamiltonian is written as
where R i and |R i represent the lattice point and the atomic state at site i, respectively, and t(R i − R j ) is the transfer integral between the sites i and j. We adopt a Slater-Koster parametrization [31] 
where e z is the unit vector perpendicular to the graphene plane, a 0 = a/ √ 3 ≈ 0.142 nm is the distance of neighboring A and B sites on monolayer, and d 0 ≈ 0.335 nm is the interlayer spacing if bulk graphites. Other parameters are typically V 0 ppπ ≈ −2.7 eV, V 0 ppσ ≈ 0.48 eV and r 0 ≈ 0.045 nm. [25] We define the Bloch wave basis of a single layer as
where X = A, B is the sublattice index, l = 1, 2 is the layer index, and N is the number of monolayer's unit cell in the whole system. The interlayer matrix element is then written as
where
Here τ 1 = (−a 1 + 2a 2 )/3 is a vector connecting the nearest A and B sublattices, and e z is the unit vector perpendicular to the graphene plane.
Since the function u(k, δ) is periodic in δ with periods a 1 and a 2 , it is Fourier transformed as,
wheret(q) is the in-plane Fourier transform of t(R) defined byt
with S = |a 1 × a 2 |, and the integral in R is taken over an infinite two-dimensional space. In the present tightbinding model, t(R) exponentially decays in R > ∼ r 0 , so that the Fourier transformt(q) decays in q > ∼ 1/r 0 . In Eq. (A7), therefore, we only need to take a few Fourier components within
In the following we only consider the electronic states near K ξ point, and then we can approximate u(k, δ) with
Note that u 0 depends on interlayer spacing d throught(q) in Eq. (A8). In the present choice of the tight-binding parameters we have u 0 = 0.11eV at the graphite interlayer spacing, d = 0.334 nm. The second largest Fourier component ist(2K ξ ) ≈ 0.0016eV, and is safely neglected. Unlike the graphite system, DWNTs can have wide range of d between 0.29 nm and 0.41 nm [32] [33] [34] [35] . In this range, u 0 also varies widely from 0.33 eV to 0.017 eV, as we plot in Fig. 7 . By replacing δ with δ(r) in Eq. (A1), we obtain the interlayer Hamiltonian of the DWNT, Eq. (2). Here we used the relation b i · δ(r) = G and
. To obtain the energy spectrum, we take the k-points of
(m 1 , m 2 : integers) in the region |q−(K ξ +K ξ )/2| < k max with a sufficiently large wave-cutoff k max , and numerically diagonalize the Hamiltonian within the limited wave space. Figure 9 shows the band structures of ξ = + valley calculated for DWNTs studied in the main text; (a) (35,19)@(40,24), (b) (35,19)@(47,15) , and (c) (26,3)@(35,3) . Here the energy bands are separately plotted for each of n r subgroups, while we omitted the subgroups which contain no energy bands in the given range. The solid curves represent the energy bands of the DWNT with the interlayer coupling, and the dotted and dashed curves are those of independent SWNTs without coupling. We actually see the band gap closing in the strong coupling case [ Fig. 9(a) ] and the flat lowenergy bands in the flat band case [ Fig. 9(c) ] as argued in the main text.
In Figs. 5 and 6 in the main text, we presented the spectral function in the extended zone scheme instead of the complex band structure folded into the first Brillouin zone. This is defined as
where |α and ε α are the eigen state and the eigen energy, respectively, X = A, B is the sublattice index, l = 1, 2 is the layer index, and |k, X l is the plane wave basis defined by Eq. (A4). The spectral function is defined on the cutting lines k · C = 2πN on the infinite two-dimensional reciprocal space, and not limited to the reduced Brillouin zone. Figs. 5 and 6 are obtained by taking summation of the spectral functions over different cutting lines near a single K ξ point, and projecting it on a single k-axis.
where the wave number k is measured relative to K ξ . and we use the approximattion R −1 Mk ≈ k assuming that R −1 M is close to the identity matrix, i.e., C and C ′ sufficiently close to each other. The above equation gives the energy dispersions of two shifted Dirac cones
where k = (k x , k y ) and
The surface plot in Figure 10 shows the dispersion Eq. (D5), where we see that the two shifted Dirac cones touch on a single line E = − vk · k 0 /|k 0 |.
The lowest energy bands of DWNTs along the quantization line closest to K ξ are given as
where φ is the angle from x-axis to C, k is onedimensional wave number along the tube axis, m = 2πνξ/(3C) and ν = 2n 1 + n 2 (in modulo of 3) is either of 0, 1 or −1. This gives four branches of one-dimensional energy bands
In Fig. 10 , we plot the energy dispersion Eq. (D8) for the case of ν = 1 with black curves, which can be recognized as the intersect between the shifted Dirac cones and kspace quantization plane.
The energy band gap of DWNT is determined by the conduction band minimum of E 1
and the valence band maximum of E 2
The difference ∆E = E (c) − E 
only when v|m| ≥ 2u 0 . Compared to the gap in the absence of interlayer interaction, 2 v|m|, we can see that the interlayer interaction in DWNT reduces the gap of the system by 2u 0 in a strong coupling condition.
Figure 11(a) shows the numerically calculated band dispersions in the extend zone scheme for (35, 19 )@(40,24) DWNT, plotted along the quantization line closest to K ξ .
